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Abstract. The current study is focused on the stress-strain analysis of multi-layered thick-walled 
fibre reinforced composite pipes under torsional load.  Three-dimensional elasticity solution has 
been obtained and Finite Element Method model has been developed to predict the stress-strain 
distribution and compute the Tsai-Hill failure coefficients. The models have been validated by 
comparing with the results available in the literature. As a numerical example the composite pipe 
subjected to pure torsion load has been considered. The effects of the torque magnitude and 
layers’ thickness for specific pipe lay-ups have been investigated, and the appropriate 
engineering conclusions and design suggestions have been reported.  
1. Introduction 
Composite materials were introduced to a range of technical applications over the last decades. Due to 
their outstanding specific stiffness, strength, lightweight, and chemical resistance, the composite 
products are applied in aerospace, automotive, military, energy, civil and subsea industries as 
replacements of the traditional engineering materials (such as metals and alloys). With the increasing 
customer demands, the composite materials science and manufacturing techniques have been 
continuously developing and improving [1, 2].  
Currently the modelling and design of reinforced composite structures is one of the most dynamically 
developing branches of structural engineering and materials science because of the variety of in-service 
loading conditions, component shapes and material combinations (in particular, fibre volume ratios, 
angles of reinforcement and the appropriate stacking sequences, etc.). The special attention is paid to 
composite pipes, rods and liners under pressure, bending, torsion and axial loading. 
Because of obvious reasons, the most frequently considered type of the loading conditions for pipes 
is pressure (internal and external). In [3, 4] three-dimensional elasticity method was applied to compute 
the stress distribution in composite pipes under pressure. Tsai-Hill failure criterion was used for failure 
prediction. The detailed analysis of failure coefficients along radial direction for different fibre 
orientations was presented in [4]. 
Some experiments on filament wound composite pipes were performed in [5, 6]. In the papers the 
fatigue failure was analysed for the pipes subjected to internal pressure. The whitening, leakage and final 
pipes’ failure were clearly presented. Pipes with surface cracks under inner pressure were considered in 
[7, 8], where the fatigue was investigated.  
The studies of layered composite pipes subjected to inner pressure and thermomechanical loading 
were published in [9, 10], where the developed three-dimensional anisotropic elasticity method was 
applied to compute the thermal stress and deformations. With the improvement of computational 
technics, the thermoplastic composite pipes under pressure and thermomechanical load were studied by 
Computer-Aided Engineering simulation software [11, 12]. Finite Element Analysis (FEA) results were 
validated by the available analytical solutions, the detailed through-thickness temperature distributions, 
and failure coefficients for different stacking sequences were presented and analysed.  
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The composite pipe subjected to the bending load were investigated in [13–15]. Xia, Takayanagi and 
Kemmochi [13] presented elasticity solution using the equilibrium equations and the boundary and 
interface conditions, and analysed the appropriate stresses and strains. Their approach was further 
developed and utilised by Menshykova and Guz [14], who focused on the distribution of failure 
coefficients for multi-layered pipes with specific lay-ups. The effects of winding angle on the radial, 
hoop and axial stress distributions through the wall thickness were also presented. Finally, the 
computation model of stress distribution and failure coefficients of pipes subjected to combined loading 
was presented in [15].  
Considering the emerging applications of composite cylindrical structures (rods and pipes) in the 
energy generation and automotive industries (e.g., wind turbine towers and driveshafts), and for the sake 
of presentation of the current study, here we will present the analytical solution and 3D FEA results for 
composite pipes under torsion load only. The Tsai-Hill failure criterion will be applied to compute the 
failure coefficients, predict the pipe failure and formulate the design recommendations.  
2. Problem statement 
2.1. Stress analysis 
The distribution of stresses and strains for each layer of the composite pipe (Figure 1) are given by the 



































  (1) 
where 𝐶̅ is the matrix of off-axis stiffness constants. 
The radial, hoop, and axial displacements depend on spatial coordinates.   
 
 
Figure 1. FE model. Figure 2. Coordinate systems. 












(𝑙) = 𝜀0,  (2) 
 𝛾𝑧𝑟
(𝑙) = 0, 𝛾𝜃𝑟
(𝑙) = 0, 𝛾𝑧𝜃
(𝑙) = 𝛾0𝑟,  (3) 
here 𝛾0is the twist of pipe per unit length and 𝜀0 is the total axial strain.  
The equilibrium equations for axisymmetric composite pipe are presented as in [3, 16]: 
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The boundary conditions under pure torsion load are expressed as  
 𝜎𝑟
(1)(𝑟𝑖) = 0, 
 𝜎𝑟
(𝑁)(𝑟𝑜) = 0, 
 𝜏𝜃𝑟
(1)(𝑟𝑖) = 𝜏𝑧𝑟
(1)(𝑟𝑖) = 0,  (5) 
 𝜏𝜃𝑟
(𝑁)(𝑟𝑜) = 𝜏𝑧𝑟
(𝑁)(𝑟𝑜) = 0, 
where ir  is the inner radius and or is the outer radius of the pipe consisting of N layers.  
For the perfectly bonded layers (as we assumed in the current study), the continuity conditions for 
stresses and displacements must be satisfied. The radial displacements as well as radial and shear stresses 










Furthermore, by integrating the moment of the shear stress 𝜏𝑧𝜃 over the cross-sectional area one may 
derive the following integral equation [3, 16]:  





𝑙=1 ,  (7) 
where T is the torque. 
The integral equation for axial force is the following [3, 16]: 





𝑟𝑑𝑟𝑁𝑙=1 = 0.  (8) 
From equation (1)–(4) the radial displacement can be written as [3]: 
 𝑢𝑟




where 𝐴(𝑙)and 𝐵(𝑙)are unknown integration constants and 

























(𝑙).  (10) 
The transformed strains can be calculated as [3]: 























𝑐𝑜𝑠𝛼2 𝑠𝑖𝑛𝛼2 0 0 0 𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼
𝑠𝑖𝑛𝛼2 𝑐𝑜𝑠𝛼2 0 0 0 −𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛼
0 0 1 0 0 0
0 0 0 𝑐𝑜𝑠𝛼 −𝑠𝑖𝑛𝛼 0
0 0 0 𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼 0






















 {𝜀} = [𝑇𝜀]{𝜀}̅ 
where 𝛼 is the winding angle, 𝜀 is the strain vector in the off-axis coordinate system (Figure 2).  
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] [𝑇𝜀] (12) 
Consequently, {𝐶𝑖𝑗
(𝑘)
} = [𝐴] {𝐶𝑖𝑗
(𝑘)
}, where [𝐴] is the transformation matrix of 𝑠𝑖𝑛 and 𝑐𝑜𝑠 [3]. 
Substituting expressions for displacements and stresses into boundary and continuity conditions and 
integral equations for axial force (8) and torque (7) one may obtain the system of algebraic equations 
and consequently find the unknown constants and stresses in the pipe. 
2.2. Tsai-Hill failure criterion 
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,                                   (14) 
where TX and TY are longitudinal and transversal tensile strength values, and S is the shear strength. 
The failure happens when the failure coefficient becomes greater than 1. 
3. Case studies 
3.1. 3D Finite Element modelling 
Abaqus/CAE 2019 was used to develop a numerical model in order to calculate stresses in a section of 
thick-walled composite pipe under torsion load. All layers are assumed to be perfectly bonded. 
Carbon/epoxy fibre composite (T300/LY5052) was considered in this study, and T300/5208 composite 
was used for validation. The material properties are shown in Table 1. 
Table 1. Material properties [4, 16]. 
Properties  T300/LY5052 T300/5208 
1( )E GPa  135 132 
2 ( )E GPa  8 10.8 
12 ( )G GPa  3.8 5.65 
12  0.27 0.24 
23  0.49 0.59 
 TX MPa  1860 1513 
 TY MPa  76 43.4 
 S MPa  98 86.87 
The torque was applied and the rigid body constraints were used. The model was meshed using 
Abaqus C3D20R elements (quadratic brick elements with reduced integration).  
3.2. Validation  
To validate the results, obtained by developed analytical and numerical models, we compared them with 
the one presented in Herakovich [16]. Two-layer composite pipe with the ply sequence  45   was 
modelled, and the distributions of the stresses in the pipe wall were computed and normalised for 
comparison.   
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Figure 3. Radial (a) hoop (b) axial (c) shear (d) normalised stress values vs. normalised radius. 
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 . (16) 
In this study 𝑟𝑖 ℎ⁄ = 5 (where h is the total thickness of the composite structure) and the magnitude 
of the torque is 1kNm.  
Figure 3 shows that the analytical and numerical results coincide with the model ones [16].  
3.3. Numerical results 
In this section, we computed the failure coefficients for the four-layer composite pipe subjected to 
torques of different magnitude.  
Inner and outer radii were 30mm and 36mm, respectively, and the layer thickness was 1.5mm.  
The failure coefficients for the composite pipe  55 60    for a range of torques from 5 to 30kNm 
are presented in Figure 4.  
Failure coefficient clearly rises with the rise of the torque magnitude and the failure happens when 
the torque exceeds 20kNm.  
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Figure 4. The failure coefficients for composite pipes subjected to torque. 
4. Conclusions 
Multi-layered long fibre reinforced composite pipes under torque load were investigated. Numerical and 
analytical results were validated by comparing with the model one presented in Herakovich [16]. 
Comparison of numerical results with the analytical ones was carried out for the pipes of different lay-
ups subjected to the range of torsional load. That would be beneficial for the future analysis to investigate 
the interlaminar crack behaviour in thick walled composite pipes under different types of load [18]. 
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